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The purity of the reduced state for spins which is pure in the rest frame will most likely appear to 
degrade because spin and momentum become mixed when viewed by a moving observer. We show 
that such boost-induced decrease in spin purity observed in a moving reference frame is intrinsically 
related to the spatial localization properties of the wave package observed in the rest frame. Fur- 
thermore, we prove that, for any localized pure state with separable spin and momentum in the rest 
frame, its reduced density matrix for spins inevitably appears to be mixed whenever viewed from a 
moving reference frame. 
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I. INTRODUCTION 

One of the most nontrivial and striking observations 
of relativistic thermodynamics [l| is that probability dis- 
tributions can depend on frames. Consequently, en- 
tropy and information may change if viewed from dif- 
ferent reference frames j2|. Recently, relativistic quan- 
tum information theory has attracted particular interests 
H H H E H El Current investigations show that a 
single quantum spin is not covariant under Lorentz trans- 
formations , and maximal entanglement between spins 
in the rest frame will most likely degrade due to mix- 
ingwith the momentum if viewed from a moving frame 
0,13 , depending on the initial momentum wave function. 
For many quantum information protocols [T(i| , coherence 
and entanglement are extremely important and expen- 
sive. The observation that coherence and entanglement 
of the reduced state for spins may degrade when viewed in 
moving frames implies that there are particular problems 
for relativistic quantum information processing, particu- 
larly for relativistic quantum communication. 

It is known that, for a single quantum spin, if and only 
if we consider the momentum eigenstates (plane waves), 
can the reduced density matrix for the spin be covariant 
under Lorentz transformations. But momentum eigen- 
states are not localized so they may be difficult in fea- 
sible applications [p. The similar difficulties exist for 
multipartite states 

In this paper, we investigate the Lorentz boost-induced 
decrease in the purity of the reduced density matrix for 
spins, when a state which has pure reduced state for spins 
in the rest frame is viewed from a moving reference frame. 
Taken to the leading order, the decrease in spin purity 
observed in the moving frame is linear with respect to 
the momentum mean square deviation observed in the 
rest frame, which according to the position-momentum 
uncertainty relationship can be reasonably regarded as a 
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measure of how much the spacial wave package is local- 
ized. We also present numerical studies as instance of our 
general analysis. Furthermore, we prove that, for any lo- 
calized pure state with separable spin and momentum in 
the rest frame, its reduced density matrix for spins cannot 
be covariant under any Lorentz boosts, i.e. it inevitably 
appears to be mixed when viewed from a moving refer- 
ence frame. Considering that in practical applications 
states should be localized, our results may have impor- 
tant consequences for relativistic quantum information 
processing. 



II. GENERAL RELATIONSHIP BETWEEN THE 
BOOST-INDUCED SPIN DEPURIFICATION 
AND THE SPATIAL LOCALIZATION 

A. A Simple Example: Single Spin-1/2 Massive 
Particle 

We start by briefly recalling Peres et al.'s paper 0. 
Consider a spin half massive particle (of mass m) that 
is prepared with spin in the z direction. The spin state 
can be represented by the Bloch vector n = (n Xl n y ,n z ) 
with n x = riy = and n z = 1. The momentum wave 
function is a Gaussian g(p) oc exp(— p 2 /2w 2 ). When 
viewed by an observer moving in the x direction, the 
Lorentz-transformed Bloch vector is n' = (n' x , n' y , n' z ) 
with n' x — n' y = yet n' z < 1. It is shown in Ref. 
that 1 — n' z oc w 2 to the leading order of w/m <C 1. 
By denoting the Lorentz-transformed density matrix for 
spin as p' , the Lorentz boost-induced decrease in its 
purity is 1 — tr(p' 2 ) oc w 2 . Meanwhile, for this par- 
ticular case the momentum mean square deviation is 
(Ap 2 ) oc w 2 (p — x,y,z), hence 1 - tr(p' 2 ) oc (Ap 2 ). 
According to the position-momentum uncertainty rela- 
tionship (Ax 2 )(Ap 2 ) ^ h 2 /A, the smaller {Ax 2 ) is, the 
larger (Ap 2 ) is and so is 1 — tr(// 2 ). This suggests that 
the more the wave package is localized in space, the more 
the boost-induced decrease in spin purity is when viewed 
in a moving frame. 
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B. Generalization to Multiple Massive Particles 
with Arbitrary Spins 

The above observation can indeed generalize to states 
of multiple massive particles with arbitrary spin quan- 
tum number. Consider a pure quantum state with sepa- 
rable spin and momentum in the rest frame. The sys- 
tem consists of N massive particles, labelled by k — 
1, • • • ,N. The spin quantum number of particle k is 
Sfe, and mass m& > 0. The reduced density matrix 
for spins viewed from the rest frame is denoted by p, 
which is pure with tr(p 2 ) = 1. The normalized momen- 
tum wave function in the rest frame is denote by g(V), 
where V := (p\ x ,Piy,Piz, ■ • ■ ) for compactness of nota- 
tion. To a moving observer Lorentz transformed by A -1 , 
the state appears to be transformed by A® N . Because the 
Lorentz-transformed state viewed in the moving frame 
differs from rest-frame one by unitary transformations, 
the purity will not change provided we do not trace out 
a part of the state. However, in looking at spins, tracing 
out over the momentum degrees of freedom is implied. 
To the Lorentz-transformed observer, the spin and mo- 
mentum may appear to be entangled, thus the purity of 
spins may appear to degrade viewed by this observer. 

The reduced density matrix for spins viewed by the 
moving observer is @, 0, 0| 

p' = J\g(V)\ 2 U A (P)pUl(P)dV, (1) 

where, for compactness, we define U\(V) := U S1 (A, pi)® 
•••(g) U SN (A, Pjv) with U S (A, p) being the spin-s repre- 
sentation of the Wigner rotation R(A, p) dT 3 := 
dpi---dpAr and dpk is the Lorentz invariant integra- 
tion measure (defined in Ref. H2)- We represent the 
Lorentz-transformed spin purity by tr(p' 2 ), which can be 
calculated by 

tr(p' 2 ) = JJ \g(V)\ 2 \g(V')\ 2 T^V,V')dVdV'. (2) 

where 

Tj(V,V) := tr[U A (V)pU{(V)U A (V')pU{(V')}. (3) 

Denoting (•} as the mean value (observed in the rest 
frame), we define Apj$ := - (p^) (p = x,y,z) and 
A-pW = pi') - (PW). Then T^(V,V) can be expanded 
into power series with respect to AV and AV', noting 
that T${P,P') = T*{P',P): 

rj(v,V) = i-\(av,av>) ( v V J ) ( • • , 

(4) 

where 3A^-dimensional matrices IA and V are real func- 
tions of A and p. When Ap fcM = Ap' kfJl = 0, Y^(P,P') 

reaches its maximum, i.e. F^ {(V), (V)) = 1. So in the 
r.h.s. of Eq. Q, the zero-order term is 1, the first-order 
terms vanish, and U is positive-semidefinite. Terms of 



higher than second orders are not explicitly presented 
here. Using {Ap kfJ ) = (Ap^) = and (AP-U- AV T ) = 
(AV' -U ■ AV' T ), we see that the boost-induced decrease 
in spin purity, to the leading order, is 

1 — tr(p' 2 ) ~ (AV ■ U ■ AT 71 }. (5) 

The matrix U can be diagonalized as U = M ■ V ■ Ai T , 
where M. is real and orthogonal, V = diag(2?i, • ■ • , V^) 
with T>\ ^ (A = 1, • • • , 3N) due to that U is positive- 
semidefinite. By denoting Q = V ■ M. and AQ = Q — 
(Q) = AV ■ M, we have 

3N 

l-tr(p' 2 )^^P A (AQ 2 A ). (6) 

A=l 

Inspired by [x kpil Pk'^] = iti&kk'&nvt', we define X = 
(xi_ x ,xi y ,xi z , ■ ■ ■ ) • M so that [X\, Qx>] = ifrS\\>, lead- 
ing to the uncertainty relationship (AX 2 )(AQ\) ^ h 2 /4. 
Hence from Eq. 10 we obtain 

Here we shall note that both (AQ\) and (AX 2 ) are 
observed in the rest frame, while tr(p' 2 ) is the purity 
observed in the moving frame. In addition, T> and M. 
are functions of A and p. For any p, when A degenerate 
to a pure three-dimensional rotation, we can see in Eq. 
© that Tp(V, V) = 1 and then in Eq. © that V x = 
for all A, hence obviously tr(p' 2 ) = 1. Equation (J7J) 
also indicates that the purity of the Lorentz-transformed 
reduced spin state is (to the leading order) bounded by 
its spatial localization properties. 

Equations JBJ and J7J dictate the intrinsic relation 
between the boost-induced decrease in spin purity (ob- 
served in the moving frame) and the spatial localization 
of the wave package (observed in the rest frame). In- 
deed, X\ is a linear combination of (x\ x , x\ v , x\ z , ■ ■ ■ ). 
The more the wave package is localized (the less (A,Y 2 ) 
is), the more mixed the reduced state for spins becomes 
when viewed in a moving reference frame. According 
to the uncertainty relationship (A,Y 2 )(AQ 2 } ^ h 2 /A, 
^^ 1 Pa(AQ 2 ) can be reasonably regarded as a mea- 
sure of how much the wave package is localized in space. 

We shall note that D and M. do not explicitly de- 
pend on the momentum wave function (the implicit de- 
pendence is through the mean value (V) because AV — 
V — (V)). When the state is not strongly localized, what- 
ever the momentum wave function as long as the local- 
ization is the same (i.e. X)a=i -^(AQf ) is the same), the 
same reduced state for spins suffers the same amount of 
boost-induced decrease in spin purity when viewed from 
the moving frame. This provides a general and feasible 
method to possibly estimate how mixed the reduced spin 
state would appear by the spatial localization proper- 
ties, which might be useful in practical relativistic quan- 
tum information processing. In addition, for multipartite 
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states whose spins are not entangled, position (momen- 
tum) coordinates of different particles will not be mixed 
in X\ (Q\). The r.h.s. of Eq. ©, as well as that of 
Eq. Q, turns out to be a sum over each individual par- 
ticles. While interestingly, if the spins are entangled, 
position (momentum) coordinates of different particles 
will in general be mixed in X\ (Q\). This implies that, 
for the present case, in measuring how much the spatial 
wave package is localized, the correlation (entanglement) 
between the spins needs also to be taken into account. 



A Further Illustration: Two Spin- 1/2 Massive 
Particles 



As an illustrative example, we numerically study the 
case of two spin half particles (of mass m) with momen- 
tum wave function being the "entangled Gaussian" as 
presented in Ref. 0: 

5(Pl,P2) 



particular momentum wave function, (Ap 2 ,^) is the same 
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where N is the normalization, a ^ is the "width" and 
x € [0, 1). The Lorentz transformation is chosen to be a 
pure boost L(£) in the z direction, where £ is the rapid- 
ity and denote £ = |£|, as defined in Ref. ||. For this 
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FIG. 1: Lorentz boost-induced decrease of spin purity (ob- 
served in the moving frame) versus the momentum mean 
square deviation (observed in the rest frame), for two states, 
(at left) and \ip + ) (at right), with momentum wave func- 
tion in Eq. (JHJ. For each set of (£,2:), ajm takes value from 
0.025 to 0.5 with a step 0.025. Here we adopt the natural 
units: c = h — 1, and m — 1 so that the quantities are all 
dimensionless. 



for any k and [i. Moreover, when (Apf^) 



and (Ap| v ) 



are relatively small, (Ap^Ap^^/) is (if not zero) pro- 
portional to [(Ap^)(Ap 2 , M ,)] 1 / 2 , with the proportion de- 
pending upon x. Thus for this particular case, Eq. © 
reduces to 1 — tr(p' 2 ) oc (Ap 2 ). Figure Q depicts the re- 
lation between 1 — tr(p' 2 ) and (Ap 2 ), for the spin parts 
being and \ip + )- When the momentum mean square 
deviation is relatively small, the relation can be well de- 
scribed by linearity, confirming the validity of Eq. © . As 
the momentum mean square deviation increases, corre- 
sponding to stronger localization, the boost-induced de- 
crease in spin purity increases monotonously. The devia- 
tion from linearity is due to terms of higher than second 
orders, such as (Apf.^) and (Apj.^) etc. However, such 
terms can also be regarded in some sense as measures of 
the spatial localization of the wave package. 



D. A Theorem 

In the remaining part of this paper, we prove the fol- 
lowing theorem. 

Theorem: When a pure state with separable spin and 
momentum in the rest frame is viewed from a moving 
reference frame, its reduced density matrix for spins nec- 
essarily appears to be mixed if its spatial wave package is 
localized. 

Here we shall first specify the meaning of being local- 
ized. We regard a state localized in the sense that its po- 
sition wave function could be commonly normalized, i.e. 
it is square-integrable. This requirement excludes nonlo- 
calized states, such as momentum eigenstates and the sin- 
gular ones presented in Ref. |]|. Since momentum wave 
function is the Fourier transformation of position wave 
function, being localized means that, in our case, g{V) is 
square-integrable, i.e. G(P) := |g(P)| 2 dP/d^ ^ is in- 
tegrable on R 3N in the sense of Lebesgue integration, and 
it is normalized as / G(V)dV = J supp(G(v)) G(V)dV = 1, 
where supp(G(7>)) := {V \ G(P) > 0} is the support of 
G{V). 



We denote AC = (P,V) £ R 6N , T(K) = T^{V,V) E 
[0, 1], and Q(K.) = G(P)G(P r ) > for compactness. Let 
n g = supp(£(/Q) = {AC I Q(K) > 0} = supp(G(7>)) x 
supp(G(7>'))> tit = {1C \ T(fC) = 1}, and m(-) be the 
Lebesgue measure in M. 6N . The integral in Eq. (J2J now 
turns to be the Lebesgue integral over fl g : tr(p' 2 ) = 

Since the state is localized, G(IC) must be integrable. 
In addition, f^GPQdK = LL pp(G(P)) G{V)dVf = 1 
implies that G(IC) is bounded almost everywhere. Hence 
one must have m(Q g ) > 13]. Otherwise supposing 
m(Q g ) = 0, one necessarily encounters the contradiction 
that f Qg QVQ&K, = and f supp[G(v)) G(V)dV = 0. 

Denote x = (p 2 , • • • ,Pn,p[, - ' >Pjv) and ^t(x) = 
{Pi I (Pi> x ) G ^t}< It can be easily verified that 
flt{x) has Lebesgue measure zero in M 3 for any given x 
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when A does not degenerate to a pure three-dimensional 
rotation. Then, using the Tonelli's theorem [l^, one ob- 
tains m(O t ) = J m'(n t (x))dx = [m'(-) is the Lebesgue 
measure in R 3 ]. Physically, this observation is intuitive. 
If there is K. = (V ,Vd) G fi t , then Ul(V )U A (Vo) must 
have an eigenstate to be exactly p (the rest-frame reduced 
density matrix for spins). All such (J-'o,'Pq) occupy only 
a low dimensional subset in M. eN for any pure p and non- 
degenerate A, thus m{VL t ) — 0. 

Proof of the Theorem: Because m(£l g ) > while 
m(f2 t ) = 0, we have f Q (-)dlC = f n ^ 0( (-)d/C. Therefore 

tr(p' 2 ) = f g{K)T{K)dK, = [ g{K)T{K)d.K 
Jn g Jn g /n t 

< [ g{K)AK= [ g(V>d]C = l, 
Jn g /n t Jn g 

where the inequality is due to that T(K.) is strictly less 
than 1 on f2 s /f2 t . Now that tr(p' 2 ) < 1 immediately gives 
that p' is mixed. ■ 
The fact that for localized states m(fl g ) > is essen- 
tial. Its meanings can be further clarified by reviewing 
Eq. ©. If ti(p' 2 ) = 1, we must have V\ (AQ\) = 
for all A. Supposing there is Ao so that V\ Q ^ 0, con- 
sequently we have (AQ\ q ) = 0. Due to that M. is or- 
thogonal, there is Co so that A4 ao \ ^ 0. Supposing o$ 
corresponds the position coordinate labelled by p of par- 
ticle ko, we obtain that [xk QfJ , , Q\ ] = iFi>M-<j \ i which 
leads to that (Ax 2 ko J(AQl o ) ^ h 2 Ml oXo /4. However 
because (AQ\ o ) = here, we see that (Ax^ oAIo ) — » oo. 
On the one hand, (AQ\ o ) = implies that g(V) is an 

eigenstate of Q\ and consequently m(flg) — 0. On the 
other hand, (Ax^^) — > oo implies that the (reduced) 
wave package of particle kg is nonlocalized. Inversely, 
m(fi 9 ) > guarantees that g{V) is not an eigenstate of 
any Q>, so the state can be localized because all (Axj,^) 
can be finite. 



III. DISCUSSION AND CONCLUSION 

We would like to note that the presentpaper adopts 
the same notion of spins as in Ref. 0, 0, 0- Beside, 
there are other possible notions (e.g. see Ref. @). It 
would be interesting to see that when "spin" is defined 
with respect to projection of Pauli-Lubanski's vector in a 



principal null direction of the Lorentz transformation, the 
reduced density matrix for spins viewed by the moving 
observer does not depolarize However, since estab- 
lishing a perfect shared reference frame requires infinite 
communication even in non-relativistic situations |14|. it 
might be extremely difficult to acquire precise informa- 
tion about a Lorentz transformation. We argue that in 
practical applications spin may be defined independently 
of the particular Lorentz transformation that defines the 
relative motion between the observers, and the transfor- 
mation law of such spins would then in general depend 
upon momentum. Indeed, our results would hold for all 
such notions of spin, including those adopted in Refs. 
0S0, but Ref. @. 

In conclusion, states one can prepare in real experi- 
ments are necessarily localized. Nonlocalized states, e.g. 
momentum eigenstates and the singular ones presented 
in Ref. |f| , are not practical in reality, although they are 
useful in theories. We show that, in relativistic applica- 
tions reduced spin state which is pure in the rest frame 
unavoidably appears to be mixed whenever viewed from 
moving reference frames. How much such boost-induced 
decrease in purity is depends on how much the spatial 
wave package is localized. The more the spatial wave 
package is localized, the more the purity of the reduced 
spin state decreases when viewed from moving frames. 
This observation may be important for relativistic quan- 
tum information processing, particularly for relativistic 
quantum communication. 

Although our investigations are based on massive par- 
ticles, the generalize to massless cases, such as to photons 
@, should be analogous. This may be of interest since 
most of current experiments in quantum communication 
are based on photons 01 . Another interesting problem 
might be to determine how our results generalize to ac- 
celerated frames @- 
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